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On the emptiness formation probability
of the open XXZ spin-1/2 hain
K. K. Kozlowski
1
Abstrat
This paper is devoted to the study of the emptiness formation probability
τ (m) of the open XXZ hain. We derive a losed form for τ (m) at ∆ = 1/2 when
the boundary eld vanishes. Moreover we obtain its leading asymptotis for an
arbitrary boundary eld at the free fermion point. Finally, we ompute the rst
term of the asymptotis of ln (τ (m)) in the whole massless regime −1 < ∆ < 1.
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1
1 Introdution
For already a few deades, spin hains trigger a lot of interest as many relevant
physial quantities an be omputed. For instane the spetrum ( [1℄, [2℄) of the spin-
1/2 XXZ hain as well as its orrelation funtions ( [3℄, [4℄) are known. The open XXZ
spin-1/2 hain with diagonal boundary onditions:
H =
M−1∑
m=1
σxmσ
x
m+1 + σ
y
mσ
y
m+1 +∆
(
σzmσ
z
m+1 − 1
)
+ σz1 h− + σ
z
M h+, (1.1)
is another example of an integrable spin hain Its spetrum was rst obtained by
Alaraz et al. [5℄ in the framework of oordinate Bethe ansatz. One year later,
Sklyanin [6℄ developed an appropriate sheme to apply the algebrai Bethe ansatz
to models with boundaries. In the mid nineties, the Kyoto group obtained an inte-
gral representation for the elementary bloks of a half-innite massive (∆ > 1) XXZ
spin-1/2 hain with a diagonal boundary eld [7℄. Reently, the Lyon group derived
formulas for the elementary bloks of the nite open hain XXZ with diagonal bound-
ary elds and for an arbitrary anisotropy parameter [8℄.
The simplest possible orrelation funtion of a spin-1/2 hain is the so-alled empti-
ness formation probability (EFP) τ (m) rst introdued in [9℄. This quantity an be
understood as the probability of observing a ferromagneti string of length m starting
from the rst site of the hain. The EFP an be omputed to the end in the ase of
a periodi XXZ spin-1/2 hain at ∆ = 1/2. Indeed this exat expression has been
onjetured in [10℄ and proven in [11℄. The free fermion point of the bulk model is also
quite partiular as the EFP an be represented as a Toeplitz determinant of a smooth
funtion on an ar. Hene its asymptotis an be studied [12℄ by using the strong
Szegö limit theorem for irular ars [13℄. One an also derive the leading asymptotis
of ln τ (m) of the bulk massless model using a saddle point method [14℄.
The aim of this paper is to obtain orresponding results for the open XXZ spin
1/2 hain. The symmetrized integral representation for the EFP derived in [15℄ will
be the starting point of our onsiderations. We rst show that τ (m) an be omputed
to the end in the ase of an open spin-1/2 hains subjet to a zero boundary eld
at ∆ = 1/2. After setting some notations in Setion 2, we will present this result
in Setion 3. We then derive the leading asymptotis of the EFP at the free fermion
point in Setion 4. This is done by exploiting the almost Hankel determinant struture
of the EFP at ∆ = 0. We analyse the asymptoti behavior of suh determinants in
Appendix A. This analysis takes advantage of the asymptotis of Toeplitz matries
with Fisher-Hartwig type singularities [16℄ as well as of the uniform asymptotis
of orthogonal polynomials of modied Jaobi type [17℄. In the last setion we use
the saddle point approximation borrowed from the bulk [14℄ to derive the leading
asymptotis of ln τ (m) in the massless regime.
2
2 The Emptiness formation probability.
The authors of [15℄ showed that, in the ase of a half-innite hain, the emptiness
formation probability admits a multiple integral representation whose integrand is
a symmetri funtion of the integration variables. This way of representing τ (m)
enables the separation of variables in the m-fold integral dening τ (m) at ∆ = 1/2.
It also allows to express τ (m) as an almost Hankel determinant at ∆ = 0. Finally, it
is suited for the derivation the leading asymptotis of ln [τ (m)] in the massless regime.
We reall the standard parameterizations of the massless regime
∆ = cos (ζ) , ζ ∈ ] 0 ;π [ and h− = − sin ζ cot ξˆ− , ξˆ− ∈ ]−π/2 ;π/2 ]
as well as the symmetrized integral representation for the emptiness formation prob-
ability [15℄:
τ (m) = 〈E(1)22 . . . E(m)22 〉
=
1
2mm!
∫
C(h)
d
mλ
detm [Φ (λj , ξk)] detm [1/h (λj, ξk)]∏
i<j
s
2 (ξi, ξj)
×
m∏
i,j
h (λi, ξj)
m∏
j>k
s (λjk, iζ) s
(
λjk, iζ
) m∏
k=1
sinh (2λk) s
(
ξk, iξˆ−
)
s
(
λk, iξˆ− + iζ/2
)
(2.1)
The ontours of this multiple integral depend on the boundary magneti eld h−:
C (h) = R∪
±
Γ±
{
∓i
(
ξˆ− + ζ/2
)}
whenever − ζ/2 < ξˆ− < 0 and C (h) = R otherwise.
Here Γ± stands for a small irle skimmed through in the antilokwise/lokwise
diretion. Furthermore, we agree that
s (x, y) = sinh (x+ y) sinh (x− y) c (x, y) = cosh (x+ y) cosh (x− y)
λij = λi − λj λij = λi + λj
(2.2)
and introdue the funtions:
Φ (λ, ξ) =
ρ (λ− ξ)− ρ (λ+ ξ)
sinh (2ξ)
=
sinh (πλ/ζ) sinh (πξ/ζ)
ζ sinh (2ξ) c
[
π
ζ
(λ, ξ)
]
(2.3)
h (λ, ξ) = s (λ+ ξ, iζ/2) s (λ− ξ, iζ/2) (2.4)
Lastly, we remind that ρ (λ) =
1
ζ cosh (πλ/ζ)
solves the Lieb equation:
sin ζ
πs (λ, iζ/2)
= ρ (λ) +
∫
R
dµK (λ− µ) ρ (µ) ; K (λ) = sin 2ζ
2π s (λ, iζ)
(2.5)
3
3 ζ = pi/3, an exat result.
When ζ = π/3, the integrand of eq.(2.1) an be further simplied due to the
dupliation formula:
sinh (3x) = 4 sinh (x) sinh (x+ iπ/3) sinh (x− iπ/3) . (3.1)
Indeed, in this speial point one reasts τ (m) as
τ (m) =
(3/4)m(m+1)∏
i<j
s
2 (ξi, ξj)
∫
C(h)
d
mλ
m! (4π)m
m∏
k=1
sinh (3λk) sinh (2λk) s
(
ξk, iξˆ−
)
s
(
λk, iξˆ− + iπ/6
)
×detm
[
1
c (λj , ξk)
]
detm
[
1
h (λj , ξk)
]
(3.2)
A partial homogeneous limit has already been performed in the latter formula.
The symmetry of the integrand enables us to replae the Cauhy determinant
detm [1/c (λj , ξk)] by m! times the produt of its diagonal elements. This yields the
sought separation of variables. In the ase of a zero boundary eld ( ie. ξ− = iπ/2),
the evaluation of the integrals leads to
τ (m) =
(
3
4
)m(m+1) (−2)m
m∏
k=1
sinh (2ξk) sinh (ξk)
detm [g (ξj , ξk)]∏
j<k
s
2 (ξj, ξk)
, (3.3)
where
g (x, y) =
sinh (x+ y) /2
sinh 3 (x+ y) /2
− sinh (x− y) /2
sinh 3 (x− y) /2 (3.4)
It happens that it is possible to evaluate the homogeneous limit of (3.3). Indeed,
we have the following equality of limits:
lim
ξk→0
detm [g (ξj, ξk)]
m∏
k=1
ξ2k
m∏
i<j
(
ξ2j − ξ2k
)2 = limxi→0
yi→0
detm [g (xj, yk)]
m∏
k=1
xk yk
m∏
i<j
(
x2j − x2k
)(
y2j − y2k
) . (3.5)
We an send the x's and the y's to zero in an arbitrary way when omputing the
limit in the RHS of (3.5). In partiular, we an hoose xi = α i and yj = α (m+ j),
and sent α to 0. Suh a homogeneous limit is the α → 0 limit of detm [U ], where
U ∈ Mm (C) is given by
Ui,j =
sinhα (i+ j +m) /2
sinhβ (i+ j +m) /2
− sinhα (j − i+m) /2
sinh β (j − i+m) /2 β = 3α. (3.6)
Atually Kuperberg [18℄ evaluated detm [U ] for all α and β:
detm [U ] =
2m∏
i<j
2 sinh β (j − i) /2
2m+1∏
i,j
2|j
2 sinh (α+ β (j − i)) /2
m∏
i,j
4 sinh β (m+ j − i) /2 sinhβ (m+ j + i) /2
. (3.7)
4
Hene:
lim
ξk→0
detm [g (ξj , ξk)]
m∏
k=1
ξ2k
m∏
i<j
(
ξ2j − ξ2k
)2 = 1m∏
i<j
1≤
(i2 − j2)
2m∏
≤i<j
m+1
(i2 − j2)
lim
α→0
α−2m
2 detm [U ]
2m!
(3.8)
This allows to obtain a losed formula for the emptiness formation probability in the
homogeneous limit:
τ (m) =
(3/4)m
2
(−2)m (2m)!
2m∏
i<j
(j − i)
2m+1∏
i,j
2|j
1 + 3 (j − i)
m∏
i,j
(m+ j − i) (m+ j + i)
m∏
i<j
(j2 − i2)
2m∏
≤i<j
m+1
(j2 − i2)
. (3.9)
Or in terms of fatorials:
τ (m) = 3
2m+1
4m2
m∏
j=1
(3j − 1)
m−1∏
k=1
(6k + 3)!
(2k + 1)!
{
1
(2m)!
2m∏
k=1
k!
(2m+ k)!
} 1
2
. (3.10)
It is now a matter of standard asymptoti analysis to extrat the large m behavior
of (3.10):
τ (m) =
(
3
4
)3m2 (3√3
4
)m
m
1
72 C (1 + o (1)) , (3.11)
where the onstant C is expressed in terms of the Euler Gamma funtion Γ (z), the
Euler onstant γ and of the Riemann Zeta funtionζ (z).
C =
2
1
4
√
2
Γ (2/3)
exp
(
9
2
ζ ′ (−1) + 5
36
(1 + γ)
)
(3.12)
exp
2
+∞∫
0
dt
e
−t
1− e−t
(
2− cosh t/3− cosh t/6
t2
+
2 sinh t/3 + sinh t/6
6t
− 5
72
) .
We stress that the qualitative behavior of τ (m) diers from the bulk one by the
presene of an exponential fator e
cm
in the asymptotis . This seems to be a general
feature of the boundary model as a similar behavior appears at the free fermion point.
Moreover the gaussian deay is twie faster than in the bulk.
4 The leading asymptotis of τ (m) at ∆ = 0
The integral representation for the EFP also admits a separation of variables at
∆ = 0 (ie ζ = π/2). More preisely speifying eq.(2.1) to ζ = π/2 we get
5
τ (m) =
2m(m+1)
2
sin2m
(
ξˆ−
)
(2π)m
detm [T ] (4.1)
The entries of the matrix T are dened by an integral:
Tjk =
∫
C(h−)
sinh2 (2λ)
coshk+l (2λ)
[
cosh (2λ) + sin
(
2ξˆ−
)]
dλ (4.2)
We perform the hange variables z = 2/ cosh (2λ)− 1 in the above integral. Then
τ (m) reads
τ (m) =
detm [R]
(−2πh−)m where Rjk = e
iπ
2 lim
ǫ→0+
∫
Cǫ
zj+k−2
z − a ω (z) dz , (4.3)
and
Cǫ =
{
]−1− iǫ ; 1− iǫ [⋃Γ+ (a) h− ∈ ] 1 ;+∞ [
]−1− iǫ ; 1 − iǫ [ h− ∈ ]−∞ ; 1 [ (4.4)
ω (z) =
√
(z − 1) (3 + z) and a = h− + h−1− − 1 ≡
χ+ χ−1
2
In order to apply the results of Appendix A we reall the Wiener-Hopf fatorization
of
√
3 + cos θ
√
3 + cos θ =
√
u
2
(
1 + u−1eiθ
) 1
2
(
1 + u−1e−iθ
) 1
2
. (4.5)
Speializing eq. (A.35) to the determinant representation for the EFP, we get
τ (m) ∼ C u
m
2
2m2
(
2
m
) 1
8

(h−χ)
−m
√
1 + χ−1u−1
1 + χ−1
, h− < 1
(
χ
h−
)m√χ−1 + u−1
1 + χ−1
, h− > 1
. (4.6)
The onstant C is expressed in terms of u and of the Barnes G-funtion
C =
(
1 + u−1
1− u−1
) 1
8 π
1
4G (1/2)√
1 + u−1
(4.7)
One an see expliitly from the large m asymptotis of τ (m) the asymmetry in-
dued by the boundary eld. This asymmetry appears for | h− |> 1. One has
6
τh− (m)
τ−h− (m)
=
√ (
u+ χ−1+
) (
1 + χ−1−
)(
uχ−1− + 1
) (
1 + χ−1+
) (−χ+χ−)m h− > 1 (4.8)
where
χ± + χ
−1
±
2
= ± (h− + h−1− )− 1 . (4.9)
Finally, one infers from the asymptotis that τ (m) −→
h−→−∞
0 for large m, as it
should be. Indeed, in suh a limit, the rst spin is neessarily oriented upwards.
Conversely, when h− → +∞, τ (m) is not vanishing, also as expeted.
5 The m→ +∞ limit of ln (τ (m)) /m2
Using the saddle point approximation we obtain the leading asymptotis of ln (τ (m)).
We nd that the leading terms is gaussian and independent of the value of the bound-
ary eld h−:
ln (τ (m)) = Km2 + o
(
m2
)
(5.1)
The onstant K is twie bigger than the one appearing in the leading asymptotis of
τ (m) of the periodi hain [14℄.
In order to implement the asymptoti analysis of ln τ (m) we rst reast τ (m) as
τ (m) =
| sinh (ξ−) |2m
(2ζ)2m
(
π
sin (ζ)
)m(π
ζ
)2m2
Im (5.2)
Im is an m-fold integral
Im = 1
2mm!
∫
C(h−)
d
mλ em
2 S ({λ}m1 )
detm [Mjk] (5.3)
S ({λ}m1 ) =
1
m2
m∑
k=1
ln
(
sinh2 πλk/ζ
sinh (λk, ξ− + iζ/2)
)
+
1
m2
∑
k<l
ln
(
s
2 (π (λk, λl) /ζ)
s (λkl, iζ) s
(
λkl, iζ
))
+
2
m
m∑
k=1
ln
(
s (λk, iζ/2)
cosh2 πλk/ζ
)
, (5.4)
and the matrix M is obtained by inverting the equation
m∑
b=1
MibΦ (λb, ξk) =
sinh (2λj) sin ζ
πh (λj, ξk)
. (5.5)
7
We now reexpress Im in a form more suited for an asymptoti analysis:
Im =
∫
0<λ1<···<λm
d
mλ em
2 S ({λ}m1 )
detm [Mjk] + δξˆ−
sinh2 πλm/ζ
sinh (2λm)
∫
0<λ1<···<λm−1
−iλm=ζ/2+ξˆ−
d
m−1λ
×em2 S ({λ}m−11 )detm
[
Mjk
s (λm, iζ/2) s
2 (π (λm, λj) /ζ)
s (λjm, iζ) s
(
λjm, iζ
)
cosh4 (πλm/ζ)
]
︸ ︷︷ ︸
gMjk
(5.6)
Here
δξˆ− =
 1 ξˆ− ∈
]
−ζ
2
; 0
[
0 otherwise
. (5.7)
Note that we have used the symmetry in the λ's as well as the λ→ −λ invariane
of the integrand in order to replae the integration over R
m
by 2mm! times the inte-
gration over the ordered domain {0 < λ1 < · · · < λm}. We also used the determinant
struture and the symmetry of the integrand to evaluate the ontribution of poles, if
it exists.
The leading ontributions to the above integrals will be equal to the integrand
evaluated at the solutions of the saddle point equations. We assume that, in the
m → +∞ limit, these solutions densify on R+ with a density σ (λ). Then sums an
be replaed by integrals aording to the presription
1
m
m∑
i=1
f (λi) −→
m→+∞
+∞∫
0
dλ σ (λ) f (λ) (5.8)
It is worth notiing that in this limit, Mjp an be approximated by
Mjp = δjp +
K (λjp)−K
(
λjp
)
mσ (λj)
. (5.9)
This an be seen by replaing the sums by integrals in (5.5) and using the integral
equation (2.5). Then, Hadamard's inequality
| detm [ajk] |≤
(
max
j,k
(| ajk |)
)m
m
m
2
(5.10)
ensures that
lim
m→+∞
ln detm [Mj,k]
m2
= lim
m→+∞
ln detm
[
M˜j,k
]
m2
= 0 . (5.11)
As a onsequene, the funtions detm [M ] and detm
[
M˜
]
annot ontribute to the
leading asymptotis of ln (τ (m)).
8
The density of saddle point roots σ (λ) satises a singular integral equation.
This equation is obtained by taking the large m limit in the saddle point equations
∂S ({λ})
∂λj
= 0. This singular integral equation reads:
2
(
2π
ζ
tanh
πλ
ζ
− coth (λ+ iζ/2)− coth (λ− iζ/2)
)
= (5.12)
V.P.
∫
R+
dµσ (µ)
∑
ǫ=±
2π
ζ
tanhπ
λ− ǫµ
ζ
− coth (λ− ǫµ+ iζ) coth (λ− ǫµ− iζ)
It is natural to extend the density into an even funtion on R. This reasts the
integral equation into a form very lose to the integral equation appearing in the bulk
model [14℄:
2π
ζ
tanh
πλ
ζ
− coth (λ+ iζ/2)− coth (λ− iζ/2) = (5.13)
V.P.
∫
R
dµσ (µ)
{
2π
ζ
tanhπ
λ− µ
ζ
− coth (λ− µ+ iζ) coth (λ− µ− iζ)
}
.
Eq.(5.14) is solved by the Fourier transform. We nd
σˆ (k) =
2 cosh kζ/2
cosh kζ
hene σ (λ) =
√
2 cosh πλ/2ζ
ζ coshπλ/ζ
(5.14)
It is then immediate to evaluate the m→ +∞ limit of S ({λ}m1 ) at the solutions
of the saddle point equations:
lim
m→+∞
S ({λ}m1 ) = S (∞) =
∫
R−i0
dk
k
cosh2 (kζ/2) sinh [k (π − ζ) /2]
cosh (kζ) sinh (kζ/2) sinh ((kπ) /2)
. (5.15)
The two multiple integrals appearing in (5.6) have thus the same gaussian deay.
Thus,
lim
m→∞
ln (τ (m))
m2
= 2 ln
(
π
ζ
)
+ S (∞) (5.16)
In partiular we reover the results at ∆ = 0 and ∆ = 1/2. As already announed
we obtain twie the orresponding bulk onstant. Unfortunately the saddle point
method annot ath the exponential behavior of the leading asymptotis of τ (m)
and in partiular the dependene on the boundary eld.
9
6 Conlusion
We have obtained the leading asymptoti behavior of the EFP of the open XXZ
spin-1/2 hain for some partiular values of the ouplings. The ∆ = 1/2 point seems
to have, at least at h− = 0, similar symmetry properties to the bulk model. Thus
it should be possible to evaluate to the end the integrals appearing the generating
funtion of σz orrelators at ∆ = 1/2 in the open hain. As suggested by the saddle
point analysis, the presene of the boundary inreases the long range gaussian deay
of τ (m) by roughly a square fator with respet to the bulk. It would be interesting
to derive some formula for the exponential term e
cm
appearing in the asymptotis
of ln (τ (m)) in the massless regime. All the more that this terms should exhibit a
dependeny on the boundary eld h−.
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A Appendix
In this Appendix we derive the leading asymptotis of a modied Hankel determi-
nant detmR. The entries of R reads
Rij = e
iπα lim
ǫ→0+
∫
Cǫ
dz
zj+k−2ω (z)
s∏
p=1
(z − ap)
. (A.1)
The integration is arried over a segment and loops enirling some poles of the inte-
grand:
Cǫ = [−1− iǫ ; 1− iǫ ]
⋃
p∈E
Γ+ (ap) with E ⊂ [[ 1 ; s ]] . (A.2)
In what follows, we assume ap ∈ C \ ]−1 ; 1 ] and t 6∈ E whenever ap ∈ ]−∞ ;−1 ].
Moreover we restrit to weight funtions of modied Jaobi type:
ω (z) = (z − 1)α (1 + z)β g (z) .
We also assume g (z) holomorphi in an open neighborhood of
[−1 ; 1 ]
s⋃
p=1
{ap} and suh that g ([−1 ; 1 ]) ⊂ R+.
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A.1 Redution to a simpler problem
We rst remove the eventual ontour integrals from most of the lines of R. For
j < m− s, a linear ombination of Lj, . . . , Lj+s allows to perform the replaement
zj+k → zj+k
s∏
p=1
(1− z/ap) (A.3)
in the integrand. For j ∈ [[m− s ; m− 2 ]] one an only replae
zj+k → zj+k
s∏
p=j+2−m+s
(1− z/ap) . (A.4)
The above transformations lead to
detm [R] = detm
[
R˜
] s∏
p=1
(−ap)s+1−m−p , (A.5)
where
R˜jk =

1∫
−1
dz zj+k−2 ω (z) 1 ≤ j ≤ m− s
e
iαπ limǫ→0+
∫
Cǫ
dz
zj+k−2 ω (z)
j−m+s∏
p=1
(z − ap)
m− s < j ≤ m (A.6)
and ω (x) = eiπαω (x− i0+)
The seond step separates the "pole" part of the determinant from its pure Hankel
part. Let Πk (z) be the monoi orthogonal polynomials on [−1 ; 1 ] with respet to
the weight ω (x). The reonstrution of these polynomials in the rst m− s lines as
well as in all the olumns makes the rst m− s lines diagonal. This proedure splits
detm
[
R˜
]
into a produt of two determinants. Namely,
detm
[
R˜
]
= detm−s [H]dets
[
K(m)
]
(A.7)
Where
Hjk =
1∫
−1
zk+j−2 ω (z) dz (A.8)
K
(m)
jk = lim
ǫ→0+
∫
Cǫ
zj+m−s−1Πk+m−s−1 (z)
j∏
p=1
(z − ap)
ω (z) dz (A.9)
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A.2 The Hankel Determinant
The asymptotis of the Hankel determinant an be obtained via a proedure es-
tablished by Basor and Ehrhardt. They built a mapping between Hankel and Toeplitz
determinants [19℄. This mapping allowed them to infer the large size behavior of the
Hankel determinant from the known asymptotis of the Toeplitz determinant. We
reall their result in
Proposition A.1 Let T and H be respetively a Toeplitz and a Hankel matrix
Tkl =
1
2π
π∫
−π
c (θ) e−i(k−l)θdθ (A.10)
Hkl =
1∫
−1
ω (x) xk+l−2dx (A.11)
suh that ω ∈ L1 [−1 ; 1 ] and
c (θ) = isgn (θ)ω (cos θ) − π < θ < π , (A.12)
then
detm [H] = 2
−m(m−1)πm
√
det2m [T ] (A.13)
The funtion c : θ 7→ isgn (θ)ω (cos θ) is of degenerate Fisher-Hartwig type 1 [16℄
as it admits two maximal deompositions into the anonial Fisher-Hartwig produt:
c (θ) = 2−α−βh (cos θ)wπ,β,1/2
(
e
iθ
)
w0,α,−1/2
(
e
iθ
)
= −2−α−βh (cos θ)wπ,β,−1/2
(
e
iθ
)
w0,α,1/2
(
e
iθ
)
The funtion wθr ,τ,σ
(
e
iθ
)
reads
wθr,τ,σ
(
e
iθ
)
= (2− 2 cos (θ − θr))τ eiσ(θ−π−θr) θr < θ < θr + 2π (A.14)
The assumptions made on g (z) guarantee the existene of a Wiener-Hopf deom-
position:
g (cos θ) = C [g] g+
(
e
iθ
)
g+
(
e
−iθ
)
, (A.15)
where C [g] and g+ (t) satisfy the onstraints:
C [g] ∈ R g+ (t) = exp
{
+∞∑
n=1
tn [g]n
}
; [g]n ∈ R (A.16)
1
If α or β = −1/2 then c (θ) is not degenerate. In this ase one should drop the (−1)m fator in
(A.17). Moreover the result doesn't rely on a onjeture at these points as asymptotis of Toeplitz
determinants with suh Fisher-Hartwig symbols are known [16℄.
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The leading order asymptotis of H thus follow from the generalized Fisher-
Hartwig onjeture raised by Basor and Tray [20℄:
detm [Tkl (c)] =
(
C [g]
2α+β
)m E [g] fα,βmα2+β2− 12
4αβg2β+ (−1) g2α+ (1)
(
1 + (−1)m√
2
+ o (1)
)
, (A.17)
where
fα,β =
∏
t=α,β
G (1 + t+ 1/2)G (1 + t− 1/2)
G (1 + 2t)
and E [g] = e
+∞P
1
n[g]2n
. (A.18)
Here G is the Barnes G funtion.
The asymptoti behavior of the Hankel determinant reads:
detm−s [H] = 2
−(m−s)2
(
2πC [g]
2α+β
)m−s m(α2+β2)/2 2 (α−β)22
m
1
4 gβ+ (−1) gα+ (1)
√
E [h] fαβ (1 + o (1))
(A.19)
A.3 Asymptotis of dets
[
K(m)
]
Computing the poles and taking the ǫ→ 0+ limit yields
K
(m)
jk =
1∫
−1
zj+m−s−1Πk+m−s−1 (z)
j∏
p=1
(z − ap)
ω (z) dz (A.20)
+2iπeiαπ
j∑
t=1
am−s+j−1t Πk+m−s−1 (at)
j∏
p=1
6=t
atp
ω (at) 1E (t) .
Here 1E stands for the harateristi funtion of E. The asymptoti analysis of (A.21)
is based on the uniform asymptoti estimates for the monoi orthogonal polynomials
with respet to the modied Jaobi weight ω [17℄. Let K be ompat in C \ [−1 ; 1 ]
and K˜ ompat in ] 0 ;π [. Then :
Πn (cos θ) =
D∞2
1/2−n√
ω (cos θ) sin (θ)
cos
{(
n+
α+ β + 1
2
)
θ +Ψ(θ)
}
ǫn (A.21)
Πn (z) =
D∞
D (ω, z)
(χ/2)n
(1− χ−2)1/2
ǫ′n z =
χ+ χ−1
2
, | χ |> 1 . (A.22)
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One has ǫn, ǫ
′
n =
(
1 +O
(
1
n
))
uniformly in θ ∈ K˜ and respetively z ∈ K. Moreover
have introdued the funtions:
Ψ(θ) =
i
2
ln
(
g+
(
e
−iθ
)
g+ (eiθ)
)
− π
2
(
1
2
+ α
)
(A.23)
D (ω, z) =
√
G [g]
2α+β
g+
(
χ−1
) (
1− χ−1)α (1 + χ−1)β (A.24)
D∞ = lim
ℜz→+∞
D (ω, z) =
√
G [g]
2α+β
(A.25)
Reall that we have deomposed z into z =
(
χ+ χ−1
)
/2, | χ |> 1 and Wiener-
Hopf fatorized g. It follows immediately from (A.22) that the leading order of the
"pole part" in (A.21) reads
am−s+j−1t Πk+m−s−1 (at)
j∏
p=1
6=t
atp
ω (at) =
C [g]
2α+β
am−s+j−1t (χt/2)
m−s+k−1/2√(
1− χ−2t
)
× g+ (χt) (χt − 1)
α (χt + 1)
β
j∏
p=1
6=t
atp
ǫ′n (A.26)
We have used the identity
(χt − 1)α (χt + 1)β
2α+β
=
(at − 1)α (at + 1)β(
1− χ−1t
)α (
1 + χ−1t
)β (A.27)
We now derive the asymptotis of the integral term in (A.21). This amounts to
the study of the asymptotis n, q → +∞ , n− q + j ≥ 1, of the sequene
Iq,n =
1∫
−1
zq Πn (z)
j∏
p=1
(z − ap)
ω (z) dz (A.28)
Applying the formula for the asymptotis of the orthogonal polynomials (A.21) we
get:
Iqn = D∞
2n+
1
2
π∫
0
dθ
cosq θ
√
g (cos θ)∏j
p=1 (cos θ − ap)
(1 + cos θ)
β
2
+ 1
4 (1− cos θ)α2+ 14
×
(
e
i(n+ 1+α+β2 )θ+iΨ(θ) + e−i(n+
1+α+β
2 )θ−iΨ(θ)
)
ǫn (A.29)
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We reast the integral as one over ]−π ;π [ and then, using the analyity of the
integrand, we shift the ontour to θ ∈ ]−π + i0+ ;π + i0+ [. Sine
(cos θ − 1)γ =
{
(1− cos θ)γ e−i γπ2 θ ∈ ] i0+ ;π + i0+ [
(1− cos θ)γ ei γπ2 θ ∈ ]−π + i0+ ; i0+ [ (A.30)
we an absorb the fators e
∓iπ
2 (α+
1
2)
. Moreover 2γ (cos θ ± 1)γ = e−iγ (1 +±eiθ)γ θ ∈
]−π + i0+ ;π + i0+ [. Finally, we obtain
Iq,n = C [g]
2n+α+β+1
π+i0+∫
−π+i0+
(
1 + eiθ
)β+ 1
2
(
1− eiθ)α+ 12 cosq θ
j∏
p=1
(cos θ − ap)
e
inθg+
(
e
iθ
)
ǫn dθ (A.31)
The above integral an be interpreted as a ontour integral over Γ (0, 1 − 0+).
Iq,n = C [g]
2n+α+β+1
∮
Γ(0,1−0+)
dζ
iζ
(1 + ζ)β+1/2 (1− ζ)α+1/2
j∏
p=1
(ζ + ζ−1 − 2ap) /2
g+ (ζ) ζ
n
(
ζ−1 + ζ
2
)q
ǫn
The integrand has no pole at ζ = 0; indeed it behaves as ζj−1+n−p, ζ → 0, and we
have imposed n+ j− p− 1 ≥ 0. The only poles inside of the ontour are in the points
ζ = χ−1t , t ∈ [[ 1 ; j ]] where 2at = χt + χ−1t and | χt |> 1. So
Iq,n = 2πC [g]
2n+α+β
j∑
t=1
aqt g+
(
χ−1t
) (1− χ−1t )α+ 12 (1 + χ−1t )β+ 12
χnt
(
χ−1t − χt
) j∏
p=1
6=t
atp
ǫn . (A.32)
Thus K
(m)
jk has the asymptoti behavior
K
(m)
jk =
2πC [g]
2m−s+k+
1
2
j∑
t=1
{
ieiπαg+ (χt)χ
m−s+k−1
t (χt − 1)α (1 + χt)β 1E (t)
−g+
(
χ−1t
)
χs−m−kt
(
1− χ−1t
)α (
1 + χ−1t
)β} am−s+j−1t (1 + o (1))√
1− χ−2t
j∏
p=1
6=t
atp
One an simplify the asymptotis of dets
[
K(m)
]
by performing the linear ombi-
nation of lines:
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Lj ← Lj −
j−1∑
t=1
aj−1+tt
j∏
p=t+1
atp
Lt j = 2 . . . s (A.33)
Then
dets
[
K(m)
]
=
2
s(s+1)
2
2ms
(
2πC [g]
2α+β
)s 1∏
k<j
ajk
s∏
t=1
am−s+t−1t√
1− χ−2t
(1 + o (1)) (A.34)
×dets
[
ieiπαg+ (χt)χ
m−s+k−1
t (χt − 1)α (1 + χt)β 1E (t)
−g+
(
χ−1t
)
χs−m−kt
(
1− χ−1t
)α (
1 + χ−1t
)β]
Note that the terms oming from the integration over ]−1 ; 1 [ are exponentially sub-
leading with respet to the ones oming from the residues. Nevertheless we keep them
in the nal formula as we ould have t 6∈ E. For instane, in the limit E = ∅ we
reover the expeted formula (A.19) for the asymptotis of Hankel determinants with
a weight ω/
j∏
p=1
(z − ap).
Summing up all the results, we get the formula for the leading asymptotis of
detm [R]
detm [R] = 2
−m2
(
2s+1πC [g]
(−1)s 2α+β
)m
m
α2+β2−1/2
2 2
(α−β)2
2
gβ+ (−1) gα+ (1)
s∏
p>k
2akp
√√√√√ fα,βE [g]s∏
t=1
(
1− χ−2t
)
dets
[
g+
(
χ−1t
)
χs−m−kt
(
1− χ−1t
)α (
1 + χ−1t
)β
(A.35)
−ieiπαg+ (χt)χm−s+k−1t (χt − 1)α (1 + χt)β 1E (t)
]
(1 + o (1))
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